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SUMMARY. The propagated electrical activity in normal anisotropic cardiac muscle is character-
ized by directionally dependent variations in the rising phase of the action potential. An important
question concerns the relation between such variations and the propagation velocity and extra-
cellular potentials. This problem was studied here in a sheet of cells, under conditions of uniform
inrracellular anisotropic resistivity and constant electrical membrane properties, through a nu-
merical solution of the two-dimensional propagation equation. The numerical solution implies a
lumping of the cytoplasmic and intercellular resistances into an equivalent junctional resistance
to form a distributed resistive network representing the intracellular domain. The interstitial space
is assumed isotropic and unbounded, with a resistivity of 100 fl-cm. The electrical properties of
the cell membrane are represented by a Beeler-Reuter model. The stimulus current is applied to a
small area of the sheet, and attention is focussed on the stable propagated events occurring some
5 or 6 length constants away from the stimulation site. The numerical solution is a good
approximation of a continuous uniform structure when the cell size is less than 10% of the length
constant along both major axes. Conditions of non-uniform propagation, with directionally
dependent variations in the maximum rate of rise and time constant of the foot of the action
potential were simulated by increasing the cell size to 30% of the length constant in the transverse
direction of the sheet. Our results indicate that the directional changes in the maximum rate of
rise correspond to small modifications of the extracellular potentials, while the directional changes
in time constant of the foot are associated with the propagation velocity. The maximum effects
are observed along the transverse direction as follows: a 19% increase in maximum rate of rise
corresponds to a decrease of about 6% in the peak-to-peak amplitude of the extracellular potential,
and a 24% increase in time constant of the foot is associated with a decrease of about 7% in the
propagation velocity. Under the conditions of the present study, however, the simulated direc-
tional changes in maximum rate of rise are smaller than those experimentally observed so the
corresponding changes in the extracellular potentials are probably underestimated. (Circ Res 58:
461-475, 1986)

THE electrotonic spread of current from cell to cell
in heart muscle shows the existence of an effective
axial resistance in the direction of propagation
(Woodbury and Crill, 1961). This resistance includes
the composite effect of the cytoplasmic resistivity,
the resistance and distribution of cell-to-cell connec-
tions, and the relative volume of the intracellular
and interstitial space. In two-dimensional aniso-
tropic cardiac muscle, the effective axial resistance
is lowest along the longitudinal axis of the cells,
where the propagation velocity is maximum, and
largest in the transverse direction, where the prop-
agation velocity is minimum (Clerc, 1976; Roberts
et al., 1979; Spach et al., 1981). Clerc (1976) has
concluded that the disparity in propagation velocity
can be explained on the sole grounds of differences
in the resistivity of the intracellular and interstitial
paths for current flow in the two directions, and that
the shape of the action potentials is the same
throughout the tissue. Under these conditions, it can

be argued that continuous medium theory is appli-
cable to two-dimensional cardiac muscle, as Hodg-
kin (1954) has proposed for one-dimensional prop-
agation in nerve.

However, this suggestion can be disputed, since
deviations from the continuous medium theory were
reported by Spach et al. (1981), who showed, under
conditions in which the membrane properties re-
mained constant, that the rising phase of the action
potential is different along the slow axis compared
to the fast axis. The most conspicuous alterations
likely to affect propagation were an increase of the
maximum rate of rise of the action potential (V,™,,)
and a decrease in the time constant of the foot (rfoot)/
along directions other than longitudinal. It was pro-
posed that such changes in the shape of depolari-
zation can be accounted for by recurrent disconti-
nuities in inrracellular resistance in the transverse
direction which cause propagation to be discontin-
uous on a microscopic scale.
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As a result of these observations, there is some
uncertainty as to the appropriateness of using con-
tinuous medium theory to describe the propagation
of electrical activity in a thin sheet of anisotropic
cardiac muscle. An important question concerns the
relation between variations in the value of V,™,,, and
Tfoot according to the direction of propagation (direc-
tional variations in Vmax and Tfoot) and the propaga-
tion velocity and extracellular potentials. This ques-
tion is the principal concern of the present paper
and is addressed by means of a model study based
on a numerical solution of the two-dimensional
propagation equation. This numerical solution is
equivalent to considering a sheet of cells as a dis-
tributed electrical circuit incorporating a suitable
representation of the cell membrane properties.

The simulation study was carried out under con-
ditions of uniform intracellular anisotropic resistivity
and constant electrical membrane properties in order
to delineate clearly the effects due to directional
changes in the rising phase of the action potential.
As a first step we obtain a numerical solution for
the case of uniform propagation, where the rising
phase of the propagated action potential is the same
in all directions. Next we examine a numerical ap-
proximation of the effects of directional changes in
Vma, and Tfoot on the propagation velocity and extra-
cellular potentials. The nature and magnitude of
these effects are compared to the case of uniform
propagation and are discussed in relation to relevant
experimental observations in cardiac tissue.

Methods

We consider a thin, uniformly anisotropic section of
myocardium which can be characterized as two-dimen-
sional (i.e., there is no current flow in the third dimension).
We assume that the cells have a constant surface-to-
volume ratio, Sv. They are electrically coupled such that
the combination of cytoplasmic and intercellular resist-
ances produces a net longitudinal intracellular resistivity,
px(fl-cm), and a transverse intracellular resistivity, py(ft-
cm). The interstitial medium is assumed isotropic and
unbounded, each cell being essentially in full contact with
a large body of perfusing fluid. As a result, the extracel-
lular resistivity, pr(fi-cm), is much lower than px or py,
and the magnitude of the extracellular potential, </>,(mV),
is small enough so that the intracellular potential may be
assumed to be equal to the transmembrane potential
V(mV).

Continuous Two-Dimensional Model
The equation describing propagation in a continuous

and uniform thin sheet model corresponds to a simplifi-
cation of the general solution for a two-dimensional ani-
sotropic bisyncytium, assuming equal interstitial and in-
tracellular anisotropy ratios (Plonsey and Barr, 1984). This
equation is applicable here since the small value of pt is
consistent with the assumption of equal intracellular and
extracellular anisotropy ratios (Plonsey and Rudy, 1980).
Briefly, the equation is obtained by applying Ohm's law
to the intracellular milieu to express the intracellular cur-
rent density. The transmembrane current is derived by
taking the divergence of the intracellular current density.
Division by the surface-to-volume ratio of the cell (Sv)

allows us to express the transmembrane current per unit
area of membrane, Im(MA/cm2). In the reference system
aligned with the principal axes of the resistivity tensor,

Sv
Mil r - \ *\ 2 -i 2

S \Px dx2 pv dy2
(1)

This expression must equal the sum of capacitive and ionic
transmembrane current components to yield the two-
dimensional propagation equation:

in which

ay

K =

Xy = (Rm/pvSv)
1/2;

(2)

(3)

where Cm, Rm and Ikm are, respectively, the membrane
capacitance, the membrane resistance at rest, and the ionic
current, all per unit area of membrane.

Equation 2 will be solved numerically in a nearly exact
manner to describe the two-dimensional propagation in a
continuous and uniformly anisotropic sheet (sheet A in
the sequel). As indicated in the Appendix, there are several
features that should be displayed by the solution of Equa-
tion 2 and which are expected to characterize a continuous
uniformly anisotropic sheet. Activation from a point
source produces elliptical isochrones and, for steady state
propagation, the velocity profile is also elliptical (Eq. A.4).
Along a given radial direction, at an angle /S with the
cell's longitudinal axis (see Fig. 9), one can consider an
arbitrary resistivity, pp (Eq. A.7), corresponding to the ray
velocity dp. The ratio of the actual (dp) and subthreshold
(6O3) conduction velocities is constant in any given direc-
tion (Eq. A. 14). Similarly, the time constant of the foot of
the action potential, Tfoot, is constant throughout the sheet
(Eq. A.15). In fact, Op is approximately proportional to the
inverse square root of the resistivity (pp) in the direction
of propagation (Eq. A. 17).

The Results will show that all the above characteristics
are exhibited by our continuous, uniformly anisorropic,
sheet model (sheet A). In addition, it was verified that the
shape of the propagating action potential is constant
throughout sheet A. Therefore, this model can be consid-
ered as a good approximation of a continuous two-dimen-
sional medium and may be used to calculate the corre-
sponding extracellular potentials (using Eq. 8 below).

Numerical Sheet Model
Equation 2 can be written in dimensionless form as:

a2w a2w _ aw
ax2 + ay2 ~ si

with

(4)

x = x/K; y = yAy; t = t/rn

W(x, y, I ) = V(x, y, t)
(5)

To solve Equation 4 numerically, with a von Neumann
boundary condition (VW = 0), we calculate the potential
values over a rectangular grid superposed on the sheet
surface. Each point on the grid is made to coincide with
the nodes of the equivalent network of Figure IB, so that
the internodal distances are Ax and Ay along each axis.
Wj,, is the potential of node i, j at a given time instant,
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A)

Rx

Rx

B)

FIGURE 1. Diagrammatic representation of a symmetrical sheet model. Panel A: each volume element, Vs, is depicted as a small parallelepiped
of length Ax, width Ay, and thickness h. The combined cytoplasmic and junctional resistances are represented by Rx in the longitudinal direction
and Ry in the transverse direction. These resistances reflect, respectively, the net axial resistivities p, and py defined in the text. Panel B:
distributed equivalent electric network in which the surface membrane of each volume element is represented by a Hodgkin-Huxley model
diagrammed as a capacitance, Cm, in parallel with an ionic current source, //„. /„ is the total cell membrane current of a volume element entering
at each node. Vy is the transmembrane potential of element (or node) i, j

with i and j corresponding to the x and y directions
respectively. Equation 4 can be written as a difference
equation:

(W,-,,, - 2W,,) + Wj-M,,)

Ax2

(6)
„,_, - 2W,,, + W M + 1 )

Ay2

_ aw,,,
dl

We rewrite Equation 6 in the original coordinate system
for a volume element Vs. In so doing we introduce a
superscript to indicate time, with VJ, being the membrane

<9V
potential of element i, j at rime t. We approximate — as

a forward difference, (V!,)AI - V',,)/At. We replace the
second central difference (see Crank and Nicholson, 1947)
with the average of the second central difference at time
t and at rime t + At, and rearrange to

K2V!.;_A! - (2K, + 2K2

+ K2vi.t?{ = - M V L
, + V|.,+ I) + (2K, + 2K2 -

+ v:+1.,) (7)

where K, = At/(2p»CmSvAx2) and K2 = At/(2pyCmSvAy2)
for each element i, j . This has the general form whereby
the left-hand side can be easily solved at each time step
for V\+

t
M for i, j = 1, 2, . . . by matrix techniques provided

that we calculate IJ^' from quantities known at time t. A
similar solution for the one-dimensional case has been
described by Joyner et al. (1984).

It can be shown, using basic circuit theory principles,
that Equation 7 applies also to the electrical circuit diagram
depicted in Figure IB which can then be considered as a
numerical sheet model of cardiac tissue. As illustrated in
Figure 1A, each cell can now be defined as a volume
element, V,, of length Ax width Ay and thickness h. The
shape of the cell model is arbitrary and is chosen here as
a rectangular parallelepiped purely for convenience. The
combined cytoplasmic and junctional resistances are rep-
resented as a single equivalent resistance located at the
junction between adjacent cells, R, in the longitudinal
direction and Ry in the transverse direction. In conse-
quence, each cell model has a zero cytoplasmic resistance
and its membrane potential is uniform at any given time
instant. Each isopotential cellular volume element, V,, is
identifiable with a given node (V^) of the corresponding
electrical network, Figure IB. The cell membrane proper-
ties are represented by a Beeler-Reuter (1977) model pro-
ducing the membrane current entering at each node.

As can be appreciated from Equation 6, the accuracy of
the numerical approximation depends solely upon the
values of Ax and Ay (referred to as discretization factors
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in the sequel) which are defined as the ratio of the cell
size to the length constant (see Eq. 5). Low values of Ax
and Ay allow a greater accuracy, that is an approximation
which is closer to the continuous case (Eq. 2), but require
a correspondingly larger computation time. In practice, we
have found that a discretization factor of 0.1 in both
directions gives a good approximation of the continuous
case (see Results). In comparison, a numerical solution
with a discretization factor of 0.2 apparently provides an
acceptable approximation in the one-dimensional case
(Joyner, 1982).

For the specific calculations being done here, where
there is an interface between anisotropic tissue and a
uniform isotropic extracellular volume conductor, there is
a large smearing effect on the potentials which makes the
assumption of extracellular isotropy valid for the calcula-
tion of extracellular potentials near the surface of the tissue
(Geselowitz et al., 1982). Then it is reasonable to regard
the sheet model as representing a very thin layer of tissue,
essentially one-cell thick. Here the extracellular potential,
<£,., is calculated for a sheet of thickness h as illustrated in
Figure 1A. Using the value of Im entering at each node
(Fig. IB), one can calculate 0, in a volume conductor of
homogeneous resistivity, pe, as follows (Plonsey, 1969;
Spach et al., 1979):

(8)

where M and N are the total numbers of volume elements
along x and y, respectively, rf, j is the distance from the
observation point, P, to the center of the volume element
V, at node i, j . It should be noted that <£, cannot be
expressed solely as a function of x, y, W, and thus depends
explicitly on the chosen values of Ax, Ay, px/ py.

Equation 8 implies each element to be a point source in
a uniform medium of infinite extent. In practice, under
the conditions of the present study, the exponential char-
acteristics of the action potential upstroke (see Results)
lead to membrane currents which tail off exponentially
either with time or distance. Then the summations of
Equation 8 involve a fairly limited number of volume
elements. Therefore, the computation of <j>t is restricted to
a rather small area of the sheet so border effects can be
avoided. This situation is sufficiently comparable to the
extracellular potential recorded from a sheet of tissue lying
in a superfusion chamber.

Computer Simulation
Solutions to Equations 7 and 8 were programmed in

FORTRAN on a CYBER 835 digital computer (Control
Data Corporation). In the initial phase of the program the
sheet parameters are set up, with computation of K, and
K2. At each time step, the function Ikm<i, D is evaluated for
each element using the ventricular model of Beeler and
Reuter (1977), and used to compute the array on the right-
hand side of Equation 7. The matrix formed by Equation
7 is then solved for V ^ ' for i, j = 1, 2, . . . The resulting
system's matrix is pentadiagonal and its inversion is com-
putationally expensive. To obtain a rapidly converging
solution, we used the Gauss-Seidel iterative method (For-
sythe and Wasow, 1960).

Ionic currents are computed at each time step using the
hybrid integration method (Moore and Ramon, 1974;
Drouhard and Roberge, 1982a). This method assumes that

the gating variable equations are linear for sufficiently
small changes in the membrane potential, so that the
equations can be solved explicitly over the corresponding
time increment. An automatic procedure is normally used
to adjust the time increment so that the membrane poten-
tial offset remains between arbitrary predetermined limits
(Victorri et al., 1985). Here, the computation involves
mainly the rising phase of the action potential some 20
msec into the plateau phase. Under these conditions, there
is always a subgroup of units in the process of rapid
depolarization and a time increment no greater than 0.032
msec must be used.

In this study, simulation runs were carried out for the
two sheet configurations depicted in Table 1. Sheet A,
with Ax = Ay = 0.1, is a good approximation to the
continuous case, as verified in the Results. The simulation
conditions can be set by choosing arbitrarily either the cell
size or the resistivity. Here we selected first a volume
element, V,, approximately equal to that of a single cell,
and then proceeded to verify that the anisotropic resistiv-
ity values were realistic (see Electrical Parameters below).
For simplicity, a constant value of Sv = 0.2 ^m"1 was used
in the calculations for both sheets A and B.

Sheet B has the same anisotropic resistivity values as
sheet A, but different discretization factors (Ax = 0.1, Ay
= 0.3). Using a larger Ay in sheet B provides a somewhat
less accurate solution of Equations 6 and 7, the main
feature being a deformation of the rising phase of the
propagated action potential. This deformation is more or
less pronounced according to the direction of propagation
and is largest in the transverse direction. There are, there-
fore, substantial directional variations in V^,, and rfoo, and
negligible changes in V,,^ (Table 3). Among these factors,
Vmax stands to be the most potent to affect the transmem-
brane current (see Results and Discussion) and thereby
the extracellular potential (Eq. 8). On the other hand,
changes in Tfoot affect the time required for the depolari-
zation to reach the firing threshold level and may be
expected to be related to the propagation velocity, as is
quite clear in the continuous case (Eq. A.15).

As indicated in Results, there are transient propagation
phenomena occurring in the vicinity of the stimulation
site and distortions near the borders of the sheet. In the
present study, we have focused our attention on the
situation where the propagation parameters are essentially

TABLE 1
Physical Dimensions of the Sheet

Physical dimension

Length Ax (jim)
Width Ay (/im)
Thickness h (pm)
No. of elements
Surface-to-volume ratio Sv (per

Length constant (^m)
Longitudinal, \x

Transverse, Xy

Discretization factor
Longitudinal, Ax = Ax/A,
Transverse, Ay = Ay/Ay

Sheet A

80
20
10

131 x 96
0.2

800
200

0.1
0 1

Models

Sheet B

80
60
10

131 x 32
0.2

800
200

0.1
0.3

D
ow

nloaded from
 http://ahajournals.org by on M

arch 12, 2022



Roberge et a/./Two-Dimensional Model of Heart Muscle 465

constant and steady state propagation may be presumed
to exist. In practice, such a situation occurs at some 5 or 6
length constants away from the stimulation site and about
2 length constants from the borders.

Electrical Parameters
Values of the cell membrane capacitance, C™ and the

resting membrane resistance, R™ are as given in Table 2.
The resting potential, VR, is —84.8 mV and the other
parameters of the Beeler-Reuter model are as in Drouhard
and Roberge (1982b).

The resistivity values indicated in Table 2 are in reason-
able agreement with representative experimental mea-
surements. The value of p, = 100 ft-cm is close to that of
a normal saline solution. For a plane wave propagating
along the longitudinal axis of the cells, the total resistance
contributed by each cell is given by

TABLE 2
Electrical Parameters of the Sheet Models

= P,
Ax _ Ax

h Ay ° h Ay A,,

and similarly for the transverse direction

h Ax h Ax

(9)

(10)

where p^fi-cm) is the cytoplasmic resistivity, pp, and p^
(Q-cm2) are the junctional resistivities along the two major
axes, A), and Ajy (cm2) are the corresponding junctional
areas of contact, and the other quantities are as previously
defined (Tables 1 and 2).

A reasonable value of pe = 360 fi-cm may be assumed.
In the longitudinal direction, with p, = 488 ft-cm and
assuming a junctional area of contact equal to the cross-
section of the cell (i.e., A|» = h Ay), Equation 9 yields
pjx =1.0 H-cm2. In the transverse direction, the average
junctional area of contact might be assumed smaller since
there is apparently a sparser distribution of lateral discs in
comparison with intercalated discs (Spira, 1971). Assum-
ing, for example, that Aly = 0.2 A^ the value of py = 7800
is seen to correspond (Eq. 10) to a transverse junctional
resistivity (ply) of 0.74 Qcm2 for sheet A and 2.2 ft cm2

for sheet B. These figures are in good agreement with
experimental observations (Chapman and Fry, 1978;
Spach et al., 1982) and suggest that the resistivity values
adopted here are not unreasonable.

For sustained propagation to occur in a cable or a sheet,
the combined strength and duration of the stimulus must
be such that a critical minimum number of elements
become excited. In a cable, this is the liminal length for
excitation (Rushton 1937) which is of the order of one

Electrical parameters

C (MF/CTT.2)
Rm(n-cm2)
ft(fl-cm)
Py(ilcm)
Pl (it-cm)
Stimulus amplitude (mA/cm2)
Stimulus duration (msec)

Sheet A or sheet B

1.0
6250

488
7800

100
0.85
0.25

length constant. The counterpart in two dimensions is a
liminal area which has the form of an ellipse surrounding
the stimulation point in the case of an anisotropic struc-
ture. Because of this situation, it is acceptable to distribute
the applied stimulus current among several neighboring
elements in order to reduce the required current intensity.
In the present two-dimensional studies, propagation was
elicited by applying a 0.25 msec pulse of 0.85 mA/cm2

over several neighboring elements. The stimulated area
comprised 5 x 5 elements in sheet A and 3 x 3 elements
in sheet B, and was about five times smaller than the
liminal area in both cases.

The time of activation, at any given point of the sheet,
is taken as the instant at which the action potential up-
stroke reaches 0 mV. The ray velocity, dp, is calculated
from the time taken to cover one length constant along a
radial line issuing from the stimulation site at an angle /3
from the horizontal axis (see Fig. 9).

The rising phase of the action potential is characterized
by the parameters listed in Table 3. V ^ and V,^ are,
respectively, the maximum amplitude and maximum rate
of rise of the action potential, V(ym^) and rfJVn̂ ,) are the
voltage and time coordinates of !/„„, TIOOI and Tp^ are,
respectively, the time constant of the foot of the action
potential and the time constant of the upstroke as it
approaches V,,^. The magnitudes of V ^ and V(Vm.») are
measured from the resting potential level. The value of
TIM was determined by fitting the expression Vo — VT =
A exp{t/rfoo,) to the foot of the action potential using a
least-square procedure. The initial value, Vo, is fixed at
1 mV above the resting level. The first set of points used
in the calculation comprises the first three potential values
(0.032 msec apart) above Vo. Subsequent potential values
are added one by one to constitute as many additional
sets of points. The parameters (VT, A, T(OO() and the least-
square residue are computed for each set of points. The
parameter estimates remained fairly stable for a range of

TABLE 3
Parameters of the Rising Phase of the Action Potential in the Steady State

V™ (mV)
V™, (mV/msec)
V(V_XmV)
t(V™Xmsec)
T(OO< (msec), measured
TIM (msec), computed
Tp.^ (msec)

Sheet

Longitudinal

97.1
91.1
56.5
2.43
0.484
0 492
0.327

A

Transverse

97.0
91.0
56.5
2 43
0.484
0 492
0.327

Sheet

Longitudinal

96.8
90.2
58.3

2 5
0.481

0.337

B

Transverse

94.9
107.7
66.9
3 1
0.606

0.235
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10-20 mV above the resting potential level, and it was
verified that the maximum deviation for any individual
point remained lower than 0.01 mV. We calculated Tp*«k
in the same way, starting from V^, as the initial potential
value (Vo) and working backward along the time course
of the upstroke.

Results
Throughout the Results, we use sheet A for the

continuous medium case and sheet B for the case
where the value of V^* varies according to the
direction of propagation. The characteristics of these
two models are compared with respect to intracel-
lular events, propagation velocity, and extracellular
potentials.

Intracellular Events during Propagation

The Action Potential

In the steady state, once the action potential wave-
form and the propagation velocity have stabilized,
the rising phase of the action potential is the same
in all directions in sheet A. This is verified in Table
3 where the listed action potential parameter values
are practically identical in the longitudinal and
transverse directions. This property corresponds to
a uniform value of the discretization factors along
both major axes of the sheet model (Table 1). As in
the one-dimensional case (Joyner, 1982), the action
potential waveform is not affected when a smaller
value of the discretization factors is used.

In the model, the foot of the action potential
upstroke and its peak as it approaches Vmax can
always be fitted well by exponential functions (both
in sheets A and B) so the corresponding time con-
stants, Tfoot and Tpeak, can be measured accurately
(see Methods). The good correspondence between
the computed (using Eq. A. 15) and measured values
of Tfoot attests to the validity of the assumptions used
in deriving Equation A. 15. The uniform values of
the parameters of the rising phase of the action
potential, including Tfoot and T^Y, along the major
axes (Table 3) and throughout sheet A supports the
appropriateness of using it as a model of a contin-
uous medium (see Appendix).

The situation is different in sheet B where the
directional dependence of V^* corresponds to a
non-uniform value of the discretization factors (Ax
= 0.1, Ay = 0.3). Despite the fact that sheers A and
B have equal Ax values, there are nevertheless minor
differences in the rising phase of the action potential
along the x-axis (Table 3). V ^ and Vvax are slightly
reduced in sheet B while V(Vmax), tfV^, and the
measured Tfoo, and T ^ are slightly increased. This
point is taken up in the Discussion in conjunction
with the corresponding changes in conduction ve-
locity and extracellular potentials. However, the ma-
jor differences between the action potential upstroke
for sheets A and B are seen in the transverse direc-
tion (see Fig. 8). In comparison to the longitudinal
direction, the action potential modifications in the

Circulation Research/Vol. 58, No. 4, April 1986

transverse direction in sheet B are roughly as follows
(Table 3): 2% decrease in Vmil 19% increase in V ^ ,
15% increase in V(Vmax), 24% increase in t^,™),
24% increase in T ^ , and 30% decrease in Tp«,ak.

These simulated conditions are comparable to ex-
perimental measurements on thin sheets of cardiac
muscle. Spach et al. (1981) have reported the follow-
ing differences between the transverse and longitu-
dinal directions (see their Table 1): 6% increase in
Vmax, 38% increase in Vmax and 27% decrease in Tfoot.
These experiments also indicate an increase in
VfVmax) and a possible increase in ^ V ^ ) as the
propagation velocity decreases (Spach, 1983; Fig. 7).
Therefore there are satisfactory similarities between
the conditions of the present simulation (sheet B)
and the experimental observations on cardiac mus-
cle, except for the changes in Vm i and Tfoo, which
are in the wrong direction (see Discussion).

Isochrones and Velocity Profiles

Since the sheet model is composed of cells with
identical membrane properties, the shape of the
isochrones depends solely upon the directional re-
sistance and possible directional differences in the
shape of the action potential. Because of the uniform
values of the discretization factor in sheet A, the
action potential waveform is uniform throughout
the sheet and the directional resistance constitutes
the only determining element. For similar reasons,
the velocity profile will be determined solely by the
directional resistance. Therefore, in conformity with
the continuous medium theory (see Appendix), both
the isochrones and the velocity profile of sheet A
are elliptical, with values of 0x and 6y (i.e. Bp at 0°
and 90°, respectively) as given in Table 4. Indeed,
as predicted by Equation A. 17, we find 6jdy =
(py/px)1/2 = 4.0. Values of the subthreshold velocity,
#00, calculated from Equation A. 13, are also given in
Table 4. The ratio of the actual and subthreshold
propagation velocities is uniform throughout sheet
A, in accord with the theory. Therefore, the char-
acteristics of sheet A correspond very well to the
continuous case.

Sheet B is different, as already noted for the shape
of the rising phase of the action potential. Compared
to sheet A, the propagation velocity is increased
slightly in the longitudinal direction (about 1.6%)
(Table 4), concomitantly with a reduction in V^*
(see Discussion), but the major effect is a nonnegli-
gible decrease in 0y (about 7%). Deviations from the
continuous case in sheet B are apparent when
considering the ratio 0Jdy = 4.37 (different
from (py/px)

1/2 = 4.0) and the non-uniform value
of \9p\/\6Op\ for the major axes (Table 4).

It should be remarked that the concept of 'pas-
sive' velocity (Appendix, Eqs. A. 10 and A. 13), as
the ratio of the length constant to the membrane
time constant, reflects only some of the fixed passive
characteristics of the cell. Together with the discre-
tization factor, it is useful to characterize the sheet
model.
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TABLE 4

Propagation Parameters of the Sheet Models in the Steady State

0 (degrees)
if (cm/sec)

#o0 (cm/sec)

\h\l\K\
0, (arbitrary units)

Positive peak
Negative peak
Peak-to-peak

(grad V)™, (mV/
cm)

Sheet

Longitudinal

0°
43.9
12.8

3.43

0.0640
-0.0595

0.1235
2007.1

A

Transverse

90°
11.0
3.2

3.43

0.0032
-0.0192

0.0224
7799.3

Sheet

Longitudinal

0°
44.6

12.8

3.48

0.0655
-0.0582

0.1237
1924.5

B

Transverse

90°
10.2

3.2

3.19

0.0032
-0.0179

0.0211
5619.8

The isochrones obtained from sheets A and B are
practically identical in shape, the only difference
being a small degree of flattening in the transverse
direction in sheet B due to the slightly reduced
propagation velocity (Table 4). Figure 2 shows a set
of isochrones obtained after the application of a
stimulus near the lower lefthand corner of sheet B,
at the origin of coordinates. The elliptic isochrone
profile is established early despite the fact that
steady state propagation occurs only several length
constants away from the stimulation site (see Extra-
cellular Potentials, below). Here, because of the
small size of the sheet, edge effects are first seen on
the lefthand side of the sheet, about one length
constant from the border. Similar edge effects ap-
pear at the bottom of the sheet, starting with iso-
chrone profile 4 (Fig. 2), and again within about one
length constant from the border. Note that the
boundary effects result in a small increase in the
velocity of propagation in cells near the border. This
is due to the fact that no current can flow out of the
sheet, so that more current is available to flow in

the direction parallel to the border and, hence, to
accelerate propagation.

The Membrane and Axial Currents

It is of interest to see if the directional character-
istics of the rising phase of the action potential in
sheet B lead to differences in the time course of the
sodium membrane current. Figure 3 compares the
time courses of the ionic and capacitive currents
during the action potential in the transverse direc-
tion for sheets A and B. There is practically no
difference between the ionic current waveforms de-
spite appreciable changes in the action potential
parameters, as listed in Table 3. It appears, therefore,
that the sodium conductance of the Beeler-Reuter
model is not sufficiently sensitive to translate the
actual differences in the action potential upstroke
into ionic current changes.

There are, on the other hand, substantial differ-
ences between the transverse capacitive current
waveforms of sheets A and B, while the longitudinal
ones are essentially identical. As expected from the

(ft

a>

3
E
0)oc
2
•50
"a

Distance-multiples of Ax

FIGURE 2. Isochrone profiles obtained in sheet B. Only one of every two units is represented by a dot on the diagram, and only part of the sheet
is shown. The stimulus was applied at the center of coordinates and gave rise to the elliptic profiles 1 through 7. The direction of the steady state
ray velocity is indicated at 0°, 78.4°, 45°, and 90° from the horizontal axis (longitudinal cell direction).
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FIGURE 3. Time course of capacitive (positive waveform) and ionic
(negative waveform) currents during a propagated action potential in
the transverse direction. Full lines correspond to sheet A and dotted
line to sheet B. The ionic current waveforms in both sheets A and B
were practically identical and have been superimposed here for
purposes of time alignment.

features of the action potential upstroke (Table 3),
the transverse capacitive current rises more slowly
during the foot of the action potential in sheet B
(Fig. 3). Beyond the threshold level, the rise and fall
of the capacitive current are much more rapid in
sheet B. In accord with the data on V,™ (Table 3),
the peak capacitive current has a correspondingly
larger value and a later time of occurrence. This
behavior of the capacitive current in sheet B reflects
the larger transverse discretization factor (Ay = 0.3)
whereby the distance between cell junctions is now
30% of the length constant, that is, three times the
corresponding distance in sheet A. The net result is
a looser coupling between adjacent units, despite
the fact that the transverse resistivity is unchanged
(Table 2). In other words, due to the greater width
of the sheet elements, each one receives a compar-
atively lower amount of axial current from its neigh-
bors [as can be inferred from the lower transverse
value of (grad V)max in Table 4]. Thus, the behavior
of the rising phase of the action potential in the
transverse direction in sheet B is somewhat closer to
the situation where the action potential does not
propagate, and one of the consequences is a larger
* max •

During the foot of the action potential in the
Beeler-Reuter model, the small membrane current
consists of capacitive and time-independent potas-
sium current components (Drouhard and Roberge,
1982b). Since the sodium current is activated only
at threshold, the ionic current during the foot is very
small. For example, below threshold, the relation Iu,n
= V/Rm, for an offset of 8 mV, gives a current of
1.28 tiA/cm2 flowing through Rm = 6.25 Kficm2.
This current is negligible in comparison with the
peak ionic current during the action potential (Fig.
3). The expression derived for Tfoot in the Appendix
(Eq. A. 15) is valid in sheet A, since the conditions

of uniform propagation are respected. It is not ap-
plicable to sheet B because the propagated action
potential upstroke is not uniform throughout the
sheet.

The diffusion of axial current is determined in the
model by the local gradient of intracellular potential
and the effective axial resistivity. The general shape
of the distribution of intracellular potential with
distance is as shown in Figure 4, where waveforms
in the transverse direction are compared for sheets
A and B. The amplitude corresponds to Vnwx and the
main feature of interest is the maximum space de-
rivative, (grad V)™,,.

In the transverse direction, we expect to find a
larger value of (grad V)™* because of the much
higher resistivity. As shown in Table 4, (grad V)™*
is nearly four times larger in the transverse than in
the longitudinal direction in sheet A. In sheet B,
however, the transverse (grad V)™* value is only
about three times larger than the longitudinal one.
Note also a slight reduction (about 4%) of the lon-
gitudinal (grad V),,^ value in sheet B in comparison
to sheet A.

Extracellular Potentials
Steady state propagation is achieved only at some

distance from the stimulation site, and, in the mean-
time, there are changes in the action potential wave-
form, the propagation velocity, and the extracellular
potential waveform. The development of the extra-
cellular potential over the surface of the sheet is
illustrated in Figures 5 and 6. In the longitudinal
direction, the biphasic character of the wave is al-
ready established at one length constant from the
stimulus site, and stability is achieved between 6
and 10 msec following stimulation (Fig. 5A). In the
transverse direction, the potential remains largely
negative (Fig. 5B) and stable propagation occurs

+ 20

000

FIGURE 4. Transverse intracellular potential gradients for sheet A
(broken line) and sheet B (full line). The maximum values, (grad V)w,
are as given in Table 4.
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FIGURE 5. Spatial distribution of the extracellular potential in sheet
B at 2 (dotted line), 6 (broken line), and 10 msec (full line) following
stimulation. Panel A corresponds to the longitudinal direction and
panel B to the transverse direction. The abscissa gives the distance
from the stimulation site. The extracellular potential amplitude is
expressed in the same arbitrary units in Figures 5 through 8.

after a delay of about 10 msec. For all practical
purposes, events at 10 msec following stimulation
correspond to a fairly well established steady state
for the extracellular potential waveform, the prop-

agation velocity, and the rising phase of the action
potential.

A more complete description of the spatial extra-
cellular potential distribution is shown in Figure 6
for sheet B. The isopotential contour map obtained
at 10 msec after stimulation illustrates the effects of
the anisotropic resistivity parameters chosen. The
leading edge of the isochrone is represented by the
heavy full line partly surrounding the stimulation
site. The excitation wave is completely surrounded
by positive potentials, although the magnitude is
quite low in the transverse direction (see Fig. 5B).
Large fluctuations (Fig. 5A) are confined to a small
region around the x-axis (Fig. 6). The shape of this
potential distribution is quite comparable to that
described by Spach et al. (1979) at 9 msec following
stimulation (see their Fig. 6).

In sheet A, the shape of the extracellular potentials
is very similar to that shown in Figures 5 and 6 for
sheet B. The essential differences are in the magni-
tude of the peak values, as indicated in Table 4. The
peak-to-peak amplitudes are essentially equal in the
longitudinal direction, whereas a decrease of about
6% is seen in the transverse direction in sheet B. It
is seen in Figure 6 that the extracellular isopotential
contours are much flattened in the transverse direc-
tion and are truly non-elliptical. This general shape
is practically unaffected by the discretization.

In the time domain, the extracellular potential
waveform is closely correlated with the propagation
velocity and, thus, with the anisotropic resistivity.
Large amplitude biphasic deflections occur in the
longitudinal direction, where the propagation veloc-
ity is high, whereas triphasic waveforms of lower
amplitude are seen in slow areas of the sheet. Figure
7A shows the extracellular potential obtained at 0.24
cm from the stimulation site in the longitudinal
direction, at a distance of 60 ̂ m from the sheet
surface. The waveforms for sheets A and B are
essentially identical, with practically no difference
in the peak-to-peak amplitude. The differences be-
tween sheets A and B are more important in the
transverse direction because of the differing discre-
tization factors and Wmix values. Waveforms shown

FIGURE 6. Extracellular isopotential map for sheet B at 10 msec following stimulation. The sheet dimensions are 0 6 cm x 0.14 cm. It has been
expanded by a factor of 2 m the transverse direction for illustrative purposes. The heavy full line is the zero potential level, and the regions of
positive and negative potentials are as indicated. The finer full lines are the positive potentials (not shown in the transverse direction because of
the low level, Fig. 5B). The broken lines are the negative potentials. Positive (+) and negative (—) extrema correspond to the peaks in Figure 5A
(see also Table 4).
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Time (msec)

0 05

FIGURE 7. Extracellular potential waveforms for propagation m the
longitudinal (panel A) and transverse direction (panel B). The full
and broken lines in panel B correspond to sheets A and B, respectively.

in Figure 7B were obtained at 0.09 cm from the
stimulation site, also at 60 jan from the sheet surface.
In sheet B, the potential is slightly delayed due to
the lower propagation velocity and is shifted upward
so the positive portion of the waveform is relatively
more important than in sheet A. The peak-to-peak
amplitude is also a little smaller in sheet B (about
6%), as already indicated for the spatial extracellular
potential.

It is of interest to consider the time alignment of
the rising phase of the action potential and the
corresponding extracellular potential waveform. For
a given recording point along either axis, it was
verified that t(Vmax) coincided with the maximum
negative slope of the extracellular potential (intrinsic
deflection). This is illustrated in Figure 8 for propa-
gation in the transverse direction. For both sheets A
and B, there is an exact coincidence between the
time of the maximum rate of change of the intrinsic

deflection and the value of ^V™,) corresponding to
the cell immediately underneath the recording site.
A similar observation for the one-dimensional case
has been reported by Spach and Kootsey (1985).

Discussion
In this study, we have used a numerical model in

which the action potential is propagating actively in
two dimensions, in a manner apparently analogous
to the process occurring in real cardiac tissue. Al-
though it was not attempted to duplicate exactly the
relevant experimental observations, there is never-
theless quite good agreement for the range and
spread of propagation velocities, as well as for the
extracellular potential waveforms and distribution.
The model can be made more realistic, as discussed
below, with regard to the representation of the
interstitial resistivity, the directional (or axial) resis-
tivity, and the dynamics of the sodium membrane
current, but these changes would not affect the
qualitative features of the reconstructed dynamic
events, and would introduce, for the most part, a
substantial degree of complexity.

The major results of this paper are 3-fold. One is
the satisfactory numerical solution of the continuous
two-dimensional propagation equation and its use
as an approximation of a continuous uniformly an-
isotropic medium. This solution is particularly useful
to describe the shape and distribution of extracellu-
lar potentials in two-dimensions under idealized
conditions of uniform intracellular anisotropic resis-
tivity, constant electrical membrane properties, and
constant propagated action potential waveform.
Second, under the same conditions of uniform ani-
sotropic resistivity and constant electrical membrane
properties, we observe a limited sensitivity of the
extracellular potentials and propagation velocity to
directional changes in the rising phase of the action
potential. Third, our results indicate that directional
changes in VTOX correspond to extracellular potential
modifications, while directional changes in Tfoot are
linked to the propagation velocity.

The Major Assumptions
One important simplifying assumption is the iso-

tropicity and high conductivity of the interstitial
space. This is equivalent to considering a single layer
of cellular elements, each of which is in full contact
with a large body of perfusing fluid. This choice was
governed largely by practical consideration regard-
ing the computer capacity and the computation time.
We note, however, that when comparable conduc-
tivity values are used, a more exact representation
of the anisotropic interstitial conductivity does not
seem to give rise to qualitatively different propaga-
tion patterns (Barr and Plonsey, 1984).

Lumping together the cytoplasmic and junctional
resistances of each cell and assuming that the re-
sulting resistance is concentrated at the cell junction
is another important simplification attached to the
numerical solution. In the context of a large network
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FIGURE 8. Full lines are the rising phase of the action
potential in the transverse direction in sheet A (curve
1) and in sheet B (curve 2) The scale on the righthand
side of the illustration applies to the action potential.
Broken lines correspond to transverse extracellular po-
tential in sheets A (curve 1) and B (curve 2).

study, and since little is known quantitatively about
cellular junctions, this assumption about an average
property of the cardiac tissue seems reasonable. The
major consequence is the membrane isopotentiality
of a given cell element or patch, that is the uniform
polarization of the membrane area comprised be-
tween four adjacent intercellular connections. In
view of the large sheet size, it seems that neglecting
propagation over the surface of each small cell ele-
ment cannot have great significance in the present
context.

In the Methods, we have rationalized the choice
of the resistivity values used in the model (Eqs. 9
and 10). The lack of reliable data on the total surface
of the cell membrane and the surface area involved
in intercellular connections leads to gross approxi-
mations which should eventually be revised. Using
the parameters of Table 1, we can calculate a sur-
face-to-volume ratio (Sv) of 0.33 JUTT1 in sheet A
and 0.26 ^m"1 in sheet B. In doing so, we neglect
the membrane infoldings, so Sv is likely to be under-
estimated. As a consequence, the length constants
of the sheet would be correspondingly overesti-
mated (Eq. 3). Here, by using Sv = 0.2 /im"1 for both
sheets A and B, this overesrimation is slightly more
exaggerated.

The range of TftH), values in the model is somewhat
lower than in ventricular muscle, but larger than in
atrial muscle (Spach et al., 1981). In the continuous
case, Eqs. A. 15 and A. 16 indicate that Tfoot is deter-
mined by rm and the ratio \BOp\/\dp\. Since rm is a
fixed parameter, the most practical way to change
TfM is through the axial resistivity, pp, which also
affects 00/s and 6$. For example, as Equation A.I7
indicates, a reduction of the axial resistivity would
produce a shift of the whole range of propagation
velocities towards higher values. This is desirable to
a degree because the spread of velocities of 10-45
cm/sec in the model is lower than experimental
measurements of 20-50 cm/sec (Spach et al., 1979).

The Beeler-Reuter membrane model used in this
study is somewhat unsatisfactory with respect to its
sodium current dynamics. A faster sodium current,
such as in the Ebihara and Johnson (1980) model,
would be desirable in order to have simulated V,,,,,
values closer to experimentally measured ones. Since
the time constant of activation of the Beeler-Reuter
model is already quite small (between 0.02 and
0.05 msec), the low VmaX value is due mainly to the
shallow steepness of the steady state activation
curve and the rather small maximum sodium con-
ductance (Beeler and Reuter, 1977). These condi-
tions make the sodium conductance unresponsive
to rapid changes in membrane potential during the
upstroke, and only the capacitive and time-inde-
pendent potassium currents are affected. This be-
havior explains the insensitivity of the extracellular
potential to changes in V^* because the computa-
tion of 4>e as the integration of membrane current
changes over a large number of cells (Eq. 8) tends
to smooth out the relatively small changes in capa-
citive current (Fig. 3). Therefore, a model in which
the sodium conductance is more responsive to rapid
membrane potential changes could produce some-
what different results, although the resulting differ-
ence should not be expected to be too important in
view of the integration process involved in Equation
8.

Injecting a strong current over a small surface area
of the sheet forces a passive spread of axial current
according to the sheet and cell membrane passive
parameters. This current excites the neighboring
cells, but sustained active propagation occurs only
when a minimum number of cells around the stim-
ulation site have been excited. This can be viewed
as a liminal area for excitation in a two-dimensional
structure, equivalent to the liminal length defined
by Rushton (1937) for the propagation threshold in
a cable. Once the propagation threshold has been
reached, there are transient changes in the active
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potential waveform and propagation velocity over
several length constants until a steady state is
reached. These phenomena have not been specifi-
cally examined in the present stimulation study,
except for the spatial distribution of extracellular
potential shortly after stimulation (Fig. 5). We have
restricted our attention to steady state propagation
which was observed to occur some 5 or 6 length
constants away from the stimulation site.

Propagation in a Uniform Anisotropic Sheet
When the longitudinal and transverse discretiza-

tion factors are equal (sheet A), the shape of the
propagated waveform is constant in all directions
and we have a numerical model of a uniformly
anisotropic, two-dimensional medium. Here the so-
lution obtained with a value of 0.1 was found to be
sufficiently accurate. For the activation from a lo-
calized stimulation focus (approximation of a point
source of current), our results confirm or establish
the following points:

(1) The resulting isochrones and propagation ve-
locity profiles are elliptical, as predicted by the con-
tinuous theory (Eq. A.4). (2) The rising phase of the
action potential, including rfoot, has a constant shape
in all directions. (3) The propagation velocity in any
direction is inversely proportional to the square root
of the directional resistivity, as predicted by the
theory (Eq. A.17). (4) The ratio of the actual and
subthreshold propagation velocities is constant in all
directions, as predicted by the theory (Eq. A. 14). (5)
The extracellular isopotential field is non-elliptical,
with an intensity closely correlated to the elliptical
propagation velocity profile.

In contrast with the idealized anisotropic tissue
model described by Barr and Plonsey (1984), the
present model ignores the complexities of the inter-
stitial resistive milieu. On the other hand, the rep-
resentation of the tissue geometry and cellular inter-
connections in the numerical model is more realistic.

Non-Uniform Propagation
Sheet B, like sheet A, is uniform with respect to

its anisotropic resistivity, and its electrical membrane
properties are constant throughout. Nonuniform
propagation occurs as a result of functional pertur-
bations at the cell level in the form of directional
differences in the upstroke of the action potential.
Such directional effects were produced by an in-
crease in the transverse discretization factor (Ay),
involving only an increase in the transverse cell size
since the length constant was unchanged (Table 1).
This manipulation produced propagation changes in
the whole sheet, although the most conspicuous
ones occurred in the transverse direction.

By increasing the transverse cell size 3-fold in
sheet B we observe, in the transverse direction and
in comparison with sheet A, an increase in Vmax
(about 18%), a decrease in (grad V)max (about 28%),
an increase in Tfoot (about 24%), and slight decreases
in velocity and extracellular potentials (Tables 3 and
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4). In addition, we note a sizable perturbation of the
capacitive current in sheet B while the ionic current
is unaffected (Fig. 3). Despite the large reduction in
(grad V)™,, (Table 4), Fig. 3 shows that the transverse
capacitive current is increased transiently at its onset
and at its peak. This is interpreted (see Results) as a
virtual increase in the transverse resistance in sheet
B which reduces somewhat the coupling between
adjacent cells. As a consequence, there is some re-
distribution of the axial current flowing through the
longitudinal and transverse junctions. More specifi-
cally, because of the apparent increase in the trans-
verse resistance in sheet B, there is a small increase
in the longitudinal current in comparison with the
situation in sheet A.

The minor effects observed in the longitudinal
direction in sheet B, in comparison with sheet A,
can be explained on the basis of this small additional
longitudinal current. The simplest way is to view
this current increase as equivalent to a small virtual
reduction in the longitudinal resistance. Because of
the general relation between velocity and axial re-
sistance (Eq. A.17), the slightly lower resistance
induces a slightly higher velocity (Table 4). Com-
parison between the two major axes in sheet A
shows that a higher velocity is paralleled by a lower
(grad V)max and a larger extracellular potential am-
plitude (Table 4). Therefore, the changes in the
longitudinal direction in sheet B [lower (grad V)^,,
and larger <f>e amplitude] are concordant with a slight
increase in velocity. Furthermore, all other things
being equal, a decrease in VmaX (Table 3) must follow
this virtual decrease in axial resistance. This pattern
of variations between velocity, V ^ and extracellular
potentials has been shown to be a fundamental
characteristic of normal anisotropic heart muscle
(Spach et al., 1981; Spach, 1982).

Under the conditions of the present study, it is
clear that the extracellular potential modifications
result from the directional changes in V ^ through
their effects on the capacitive membrane current
(Fig. 3 and Eq. 8). A 19% increase in Vmax between
the longitudinal and transverse directions of the
sheet produces a maximum decrease of about 6% in
the peak-to-peak amplitude of the extracellular po-
tential. It must be noted, however, that our model
may be expected to underestimate the effects of
directional changes in V™,, on the extracellular po-
tentials compared the situation which may be pre-
sumed to exist in cardiac muscle. One reason for
this is the lower maximum variation in Vmax in the
model compared to cardiac muscle (19% vs. 38%).
Another reason is the rather low basic value of Vn^
in the Beeler-Reuter model because of the slow
sodium current dynamics. For example, comparing
the longitudinal Vmax in the model with V ^ in
cardiac tissue for the highest propagation velocity,
we have about 90 V/sec (Table 3) vs. 124 V/sec in
ventricular muscle and 161 V/sec in atrial muscle
(Spach et al., 1981, Table 1).

The obvious discrepancy of the present numerical
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model is the fact that the changes in the transverse
Tfoot and Vmax in sheet B are in the wrong direction
compared to experimental observations (Spach et
al., 1981). In the present study a 24% increase in
Tfoot was accompanied by a small decrease (about
7%) in the transverse propagation velocity. This
result is in general agreement with the continuous
medium theory (Eq. A.15). Then, it is reasonable to
surmise that.the decrease in the transverse Tfoot in
cardiac tissue may be associated with a relative
increase in the transverse propagation velocity. As
far as we know, there are no data available to test
that prediction. We cannot account for the defi-
ciency of the numerical model with respect to the
direction of variation in rfoo, and Vma*, and it is likely
that new or modified assumptions are required.
Similar observations were made on the basis of one-
dimensional simulation studies (Joyner, 1982;
Spach, 1983).

In an earlier study, Spach et al. (1979) noted that
the extracellular potentials computed using a con-
stant action potential shape were close to those
recorded experimentally in a thin sheet of cardiac
tissue. The present results extend this observation
by showing, under conditions of active propagation,
that directionally different shapes of the action po-
tential upstroke have a limited influence on the
computed extracellular potentials. More generally,
the results obtained with sheet B suggest that func-
tional perturbations at the microscopic level, unac-
companied by perturbations of either the net axial
resistivity or cell membrane properties cannot lead
to very substantial changes in the macroscopic var-
iables. Perturbations of the anisotropic resistivity of
the sheet would have direct and powerful effects on
the propagation velocity (viz. Eq. A. 17) and, pre-
sumably, on the extracellular potential also. Studies
on abnormal cardiac tissue provide an extreme illus-
tration of the effects to be expected. In 2-month old
infarcts, action potentials in a thin layer of muscle
neighboring the infarcted tissue are close to normal,
while the myocardial structure is highly disorgan-
ized as a result of connective tissue invasion (Ursell
et al., 1985). Under these conditions, the isochrone
patterns deviate drastically from the elliptical shape,
and the extracellular potentials show wide variations
in amplitude and a variable degree of fragmentation.

Appendix

Two-Dimensional Continuous Medium Theory
In a resistive two-dimensional anisotropic con-

ducting medium, the relation between the current
density, J, and the electric field, E, follows Ohm's
law

where a is a symmetric conductivity tensor of order
2 (Landau and Lifshitz, 1960). Using coordinates
parallel to the principal directions of the tensor, the

latter can be expressed in diagonal form as

\ax 0
0a =

and Eq. A.I becomes

J x ^x ̂ x / J y *7y

(A.2)

(A.3)

where cx and ay are the axial conductivities along
the x-axis and y-axis, respectively, relating the cor-
responding current density components, Jx and Jy,
and electric field components, E* and Ey. These axial
conductivities enter into the two-dimensional prop-
agation equation (Eq. 2) as px = \/ax and py = \/ay
(see Eq. 3).

For the activation, from a point source, of the
system described by the two-dimensional propaga-
tion equation (Eq. 2), the work of Muler and Markin
(1977) shows that the resulting isochrones are ellip-
tical. Under conditions of steady state propagation,
the velocity profile is also elliptical since the length
of the radius vector of the isochrone is proportional
to the ray velocity, 6$. As indicated in Fig. 9, dp is
the propagation velocity along a radius vector at an
angle j9 with the longitudinal axis. Thus, we have

I 0/> I = 6xdy[6y
2cos2p + 0x

2sin2/S]-1/2 (A.4)

where 0X and 8y are the propagation velocities along
the longitudinal and transverse directions, respec-
tively. These assumptions give also

= constant (A.5)

with the length constants Xx and X^(see Eqs. 2 and
3) defined along the major axes. X̂  is the length
constant in the direction of dp. By analogy with
Equation 3, we have

=(Rm/ |p , |Sv) 1/2 (A.6)

e,
FIGURE 9. Illustration of a theoretical elliptic velocity profile resulting
from stimulation at the center of coordinates in a continuous aniso-
tropic medium (Eq. 2) 0, and 0, are the maximum and minimum
velocities, respectively, and are related through Equation A.4 for
conditions of constant propagation velocity. Bf is the ray velocity (Eq.
A.4) and v, the normal velocity (Eq. AS) E and f are the potential
gradient and current density vectors, respectively, for an isochrone
coinciding with the elliptic velocity profile shown.
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with

\PI>\ = pysin2jS (A.7)

where p3 is the resistivity in the direction of Op.
Within a small region centered at point S, Figure

9, the velocity normal to the isochrone (or to the
velocity distribution profile), vn, corresponds to a
flat wavefront. We have

I vB | = | 0, | cos()S - a). (A.8)

It should be noted that the electric field E is normal
to the isochrone at point S, and is therefore co-linear
with vn (Fig. 9). However, the current density J is
a radial vector co-linear with Op. Thus, the definition
of a radial resistivity, pp, is arbitrary outside the
major axes since J and £ are not co-linear.

During the foot of the action potential, when the
membrane potential is close to the resting potential,
the membrane can be regarded as passive and linear.
The ionic part of the membrane current under these
conditions is simply Iion = V/Rm. Equation 2 then
becomes a linear differential equation

dt
(A.9)

It can be seen that A* and Xy appear as the natural
units of length in the passive sheet (Eq. A.6) and rm
the natural unit of time. This leads us to regard

0oy

as natural expressions of the conduction velocity at
the subthreshold level along the two major axes.

In the adimensional system described by Equation
4, the steady state propagation of a constant wave-
form is described by Helmholtz's equation (Mathews
and Walker, 1965). In our original coordinate sys-
tem, this condition can be expressed as:

<92V d 2 V d 2 V
- ' " = ^ T - (A.11)"x dx2 " "y dy2

Substituting Equations A.5 and A.ll into Equation
A.9 gives the following equation for the early foot
of the action potential

d
(A. 12)

By analog with Equation A.7, we can write the
expression for the conduction velocity at the sub-
threshold level in the direction of Op as

l ^ l = |X, | /rm (A. 13)

Combining Equations A.5, A.7, and A.10, we find .

= c o n s t a n t
( A 1 4 )

which indicates that the ratio of the actual and
subthreshold conduction velocities is constant in a
uniform sheet.

Equation A. 12 has a solution of the form V(t) =
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Voexp{t/Tfoot), where

Tfoot —

2rn

(\0p\/\0op\)2(l
(A. 15)

The time constant of the foot of the action potential,
Tfoot, is therefore determined by the time constant of
the membrane and the ratio of the actual and sub-
threshold conduction velocities. Therefore, Tfoot has
a constant value throughout a uniform and contin-
uous two-dimensional medium.

When Op » 0op, Equation A. 12 gives the following
approximation

7" foot — Tn

0,o/3 (A. 16)

which yields, us ing Equat ions A.10 a n d A.13 ,

where K is a constant since Ttoot and all the other
parameters involved are also constant.
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